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Abstract
The Higgs boson production associated with a W -boson and a photon at the Large Hadron
Collider (LHC) can be used to probe the coupling between Higgs boson and vector gauge bosons
and discover a signature of new physics. We present the precision predictions up to the QCD
next-to-leading-order (NLO) in the standard model for this process involving the subsequential
weak decays of the final Higgs and W -boson. The dependence of the leading order (LO) and the
QCD NLO corrected integrated cross sections on the factorization/renormalization energy scale
is studied. We provide the LO and QCD NLO corrected distributions of the transverse momenta
and rapidities of final products. We find that the LO cross section is significantly enhanced by the
QCD NLO correction, and the K-factor value is obviously related to the physical observables and
the phase space regions.
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I. INTRODUCTION
The Higgs mechanism plays a crucial role in the standard model (SM). The existence of
the Higgs boson makes the breaking of the electroweak (EW) symmetry and generates the
masses for fundamental particles [1, 2]. Therefore, studying the Higgs mechanism is one
of the main goals of the Large Hadron Collider (LHC). Recently, both ATLAS and CMS
collaborations have announced the discovery of a new boson, whose properties are compatible
with that of the SM Higgs particle, with mass of mH ≈ 125 GeV . Both collaborations
excluded additional Higgs-like bosons in a large mass range of mH about 600 GeV [3,
4]. The interpretation of the excesses observed in various production and decay channels,
as originating from a single spin-zero particle, was made possible by detailed theoretical
predictions for the Higgs boson production and decay rates, see Ref.[5] for an overview.
After the discovery of the Higgs boson, our main task is to determine its properties,
such as spin, CP , and couplings. However, these measurements require accurate theoretical
predictions for both signal and background. The process pp → HW±γ + X is one of
the important processes in providing detailed information about the coupling between Higgs
boson and vector gauge bosons. This process with subsequent decay of final state to leptons,
photons and missing energy, provides a background to new physics searches. It also offers
the possibility to study the anomalous couplings in quadrilinear vertices, not present at
tree-level in the SM such as HγWW , which could be directly investigated in this process as
it would cause deviations from the predicted signal.
At the LHC, most of the important processes are multi-body final state production pro-
cesses. It is known that the theoretical predictions beyond the LO for these processes
with more than two final particles are necessary in order to test the SM and search for
new physics. But the calculations for these processes involving the NLO corrections are
very intricate. In the last few years, the phenomenological results including the NLO
QCD corrections for triple gauge boson (TGB) production processes at the LHC, such as
pp → WWγ, ZZγ, Wγγ, Zγγ, ZZZ, WWZ have been studied [6–9]. However, Higgs
productions associated with di-boson at the NLO were studied less, excepted the process
pp→ H0W+W− [10].
In this paper, we make a precision calculation for the process pp → HW±γ + X at the
LHC, including the contributions of the NLO QCD corrections. In section II we give the
2
calculation description of the LO cross section for the pp → HW±γ +X process, and the
NLO QCD radiative contribution are presented in section III. In section IV we present some
numerical results and discussion. Finally a short summary is given.
II. LO CROSS SECTION FOR pp→ HW+γ +X
In the LO and NLO calculations we employ FeynArts 3.4 package[11] to generate Feynman
diagrams and their corresponding amplitudes. The amplitude calculations are implemented
by applying FormCalc 5.4 programs [12].
Due to the CP -conservation, the cross section for the qq′ → HW−γ (qq′ = u¯d, u¯s, c¯d, c¯s)
subprocess in the SM should be the same as that for the corresponding charge conjugate
subprocess qq′ → HW+γ (qq′ = ud¯, us¯, cd¯, cs¯) at the parton level. Therefore, we present
the parton level calculations for the related subprocess qq′ → HW+γ in this section. By
taking the Cabibbo-Kobayashi-Maskawa matrix elements Vtd = Vts = Vub = Vcb = 0, the LO
contribution to the cross section for the parent process pp → HW+γ +X comes from the
subprocesses
q(p1) + q
′(p2)→ H(p3) +W+(p4) + γ(p5), (qq′ = ud¯, us¯, cd¯, cs¯), (1)
where p1, p2 and p3, p4, p5 represent the four-momenta of the incoming partons and the
outgoing H , W+ and photon, respectively. We use the ’t Hooft-Feynman gauge in our
calculations. Since the Yukawa coupling strength is proportional to the fermion mass and
the masses of u-, d-, s-, and c-quark are relatively small and can be neglected, we ignore
the contribution from the Feynman diagrams with internal Higgs boson line. The Feynman
diagrams for the subprocess qq′ → HW+γ at the LO are depicted in Fig.1.
The expression of the LO cross section for the subprocess qq′ → HW+γ has the form as
σˆ0qq′ =
1
4
1
9
(2π)4
2sˆ
∫ color∑
spin
|MLOqq′ |2dΩ3. (2)
where the factors 1
4
and 1
9
are due to the averaging over the spins and colors of the initial
partons, respectively, sˆ is the partonic center-of-mass energy squared, and MLOqq′ is the
amplitude of all the tree-level diagrams shown in Fig.1. The summation are taken over
the spins and colors of all the relevant particles in the qq′ → HW+γ subprocess. The
3
(1)
q
q′
H
W
γ
W
G
(2)
q
q′
H
W
γ
W
W
(3)
q
q′
H
W
γ
W
G
(4)
q
q′
H
W
γ
W
W
(5)
q
q′
H
W
γ
q
W
(6)
q
q′
H
W
γ
q′
W
FIG. 1: The LO Feynman diagrams for the partonic process qq′ → HW+γ.
integration is performed over the three-body phase space of the final particles H , W+ and
γ. The phase-space element dΩ3 in Eq.(2) is expressed as
dΩ3 = δ
(4)
(
p1 + p2 −
5∑
i=3
pi
)
5∏
j=3
d3pj
(2π)32Ej
. (3)
It is obvious that the LO cross section σˆ0qq′ is IR divergent when we integrate the Feynman
amplitude squared, |MLOqq′ |2, over the full three-body final state phase space. The divergence
arises from the integration over the phase space region where the final photon is soft or the
photon is radiated from one of the initial massless quarks collinearly. To avoid these IR
singularities and obtain an IR-safe result, we should take a transverse momentum cut for
final photon (see Sec.4, Eq.(16)). Then the LO total cross section for the parent process
pp→ HW+γ +X at the LHC can be expressed as
σLO =
cd¯,cs¯∑
ij=ud¯,us¯
∫ 1
0
dx1
∫ 1
0
dx2
[
Gi/P1(x1, µf)Gj/P2(x2, µf) + (1↔ 2)
]
σˆ0ij(sˆ = x1x2s), (4)
where Gi/A(x, µf) is the parton (i = u, c, d¯, s¯) distribution function of proton (PDF) A(=
P1, P2) [13], which describes the probability to find a parton i with momentum xpA in proton
A, s is defined as the total colliding energy squared in proton-proton collision, sˆ = x1x2s,
and µf is the factorization energy scale.
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FIG. 2: The representative one-loop Feynman diagrams for the partonic process qq′ → HW+γ.
III. NLO QCD CORRECTIONS TO pp→ HW+γ +X
The O(αs) virtual corrections to the partonic qq′ → HW+γ processes consist of self-
energy, vertex, box and pentagon diagrams. Part of these diagrams are presented in Fig.2.
We use the definitions of tensor and scalar one-loop integral functions in Ref.[14, 15]. Using
the Passarino-Veltman (PV) method [14, 16], the tensor integrals are expressed as a linear
combination of tensor structures and coefficients, where the tensor structures depend on the
external momenta and the metric tensor, while the coefficients depend on scalar integrals,
kinematic invariants and the dimension of the integral.
After the tensor integral reduction is performed, the fundamental building blocks are
one-loop scalar integrals. They may be finite or contain both ultraviolet (UV) and infrared
(IR) divergences. The UV and IR singular scalar integrals are calculated analytically by
using dimensional regularization in D = 4 − 2ǫ dimensions. We adopt the expressions in
Ref.[17] to deal with the IR divergences in Feynman integrals, and apply the expressions
in Refs.[18–20] to implement the numerical evaluations for the IR safe parts of N-point
integrals. The UV singularities of the virtual corrections are removed by introducing a set
of related counterterms. The counterterms are defined as
ψ0,L,Rq =
(
1 +
1
2
δZL,Rq
)
ψL,Rq , (5)
where ψL,Rq denote the fields of SM quark. The on-mass-shell scheme is adopted to fix the
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wave function renormalization constant of the external light quark field, then we obtain
δZL,Rq = −
αs(µR)
3π
[∆UV −∆IR] , (6)
where ∆UV =
1
ǫUV
− γE + ln(4π) and ∆IR = 1ǫIR − γE + ln(4π).
After performing the renormalization procedure, the total NLO QCD amplitude for the
subprocess qq′ → HW+γ is UV finite. Nevertheless, it still contains soft/collinear IR singu-
larities. As we shall see later the soft/collinear IR singularities can be cancelled by adding
the contributions of the real gluon/light-(anti)quark emission subprocesses, and redefining
the parton distribution functions at the NLO.
According to the Kinoshita-Lee-Nauenberg (KLN) theorem [21] the UV and IR singu-
larities are exactly vanished after combining the renormalized virtual corrections with the
contributions of the real gluon emission processes and the PDF counterterms together. These
cancelations can be verified numerically in our numerical calculations. The real gluon emis-
sion partonic process for the HW+γ can be denoted as
q(p1) + q
′(p2)→ H(p3) +W+(p4) + γ(p5) + g(p6), (qq′ = ud¯, us¯, cd¯, cs¯). (7)
The real gluon emission subprocess qq′ → HW+γg (shown in Fig.3) contains both soft and
collinear IR singularities. The IR singularities can be conveniently isolated by adopting the
two cutoff phase space slicing (TCPSS) method [22], which is intuitive, simple to implement,
and relies on a minimum of process dependent information. The soft IR singularity in the
subprocess qq′ → HW+γg at the LO cancels the analogous singularity arising from the
one-loop level virtual corrections to the qq′ → HW+γ subprocess.
In performing the calculations with the TCPSS method, we should introduce two arbi-
trary small cutoffs δs and δc. The phase space of the qq
′ → HW+γg subprocess can be
split into two regions, E6 ≤ δs
√
sˆ/2 (soft gluon region) and E6 > δs
√
sˆ/2 (hard gluon re-
gion) by soft cutoff δs. The hard gluon region is separated as hard collinear (HC) and hard
noncollinear (HC) regions by cutoff δc. The HC region is the phase space where −tˆ16 (or
−tˆ26)< δcsˆ (tˆ16 ≡ (p1 − p6)2 and tˆ26 ≡ (p2 − p6)2). Then the cross section for the real gluon
emission subprocess can be expressed as
σˆRg (qq¯ → HW+γ + g) = σˆSg + σˆHg = σˆSg + σˆHCg + σˆHCg . (8)
Beside the real gluon emission subprocess discussed above, there is another kind of contri-
bution called the real light-quark emission correction which has the same order contribution
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FIG. 3: The representative Feynman diagrams for the real gluon emission subprocess qq′ →
HW+γg.
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FIG. 4: The representative Feynman diagrams for the real light-quark emission subprocess qg →
HW+γq′.
with previous real gluon emission subprocess in perturbation theory. The corresponding
Feynman diagrams for the subprocess qg → HW+γq′ at the tree-level are shown in Fig.4.
We denote this subprocess as
q(p1) + g(p2)→ H(p3) +W+(p4) + γ(p5) + q′(p6), (qq′ = ud, us, d¯u¯, s¯c¯). (9)
It contains only the initial state collinear singularities. Using the TCPSS method described
above, we split the phase space into collinear region and noncollinear region by introducing
a cutoff δc. Then the cross section for the subprocess qg → HW+γq′ can be expressed as
σˆR(qg → HW+γq′) = σˆRq = σˆCq + σˆCq . (10)
The cross section σˆCq in the noncollinear region is finite and can be evaluated in four
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dimensions using Monte Carlo method, while σˆCq still contains collinear singularity, which
can be absorbed into the redefinition of the PDFs at the NLO.
After adding the renormalized virtual corrections and the real gluon/light-quark emission
corrections, the partonic cross sections still contain the collinear divergences, which can be
absorbed into the redefinition of the distribution functions at the NLO. We split the PDF
counterterm, δGi/P (x, µf), into two parts: the collinear gluon emission part δG
(gluon)
i/P (x, µf)
and the collinear light-quark emission part δG
(quark)
i/P (x, µf) as
δGq(g)/P (x, µf) = δG
(gluon)
q(g)/P (x, µf) + δG
(quark)
q(g)/P (x, µf), (q = u, u¯, d, d¯, c, c¯, s, s¯). (11)
We get the expressions of the counterterm parts as
δG
(gluon)
q(g)/P (x, µf) =
1
ǫ
[
αs
2π
Γ(1− ǫ)
Γ(1− 2ǫ)
(
4πµ2r
µ2f
)ǫ]∫ 1
x
dz
z
Pqq(gg)(z)Gq(g)/P (x/z, µf),
δG
(quark)
q/P (x, µf) =
1
ǫ
[
αs
2π
Γ(1− ǫ)
Γ(1− 2ǫ)
(
4πµ2r
µ2f
)ǫ]∫ 1
x
dz
z
Pqg(z)Gg/P (x/z, µf ),
δG
(quark)
g/P (x, µf) =
1
ǫ
[
αs
2π
Γ(1− ǫ)
Γ(1− 2ǫ)
(
4πµ2r
µ2f
)ǫ] c,c¯,s,s¯∑
q=u,u¯,d,d¯,
∫ 1
x
dz
z
Pgq(z)Gq/P (x/z, µf ). (12)
More details about the explicit expressions for the splitting functions Pij(z)(ij =
qq, qg, gq, gg) are available in Ref.[22].
Finally, we have eliminated all the UV and IR singularities by performing the renormal-
ization procedure and adding all the NLO QCD correction components, and we get the finite
NLO QCD corrected integrated cross section for the pp→ HW+γ +X process as
σNLO = σLO +∆σNLO = σLO +∆σ
(3) +∆σ(4). (13)
The three-body term ∆σ(3) includes the one-loop corrections to the process pp→ HW+γ+X
and the tree-level contributions in the soft and hard collinear regions for the real gluon/light-
(anti)quark emission processes, while the four-body term ∆σ(4) contains the cross sections
for the real gluon/light-(anti)quark emission processes over the hard noncollinear region.
IV. NUMERICAL RESULTS AND DISCUSSION
In this section we present and discuss the numerical results for the pp → HW±γ + X
process at both the LO and the QCD NLO. We adopt the CTEQ6L1 and CTEQ6M parton
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densities with five flavors in the LO and NLO calculations, respectively. The strong coupling
constant is determined by taking one-loop and two-loop running αs(µ) for the LO and the
NLO calculations separately, and setting the QCD parameter ΛLO5 = 165 MeV for the
CTEQ6L1 at the LO and ΛMS5 = 226 MeV for the CTEQ6M at the NLO. For simplicity we
define the factorization scale and the renormalization scale being equal, and take µ ≡ µf =
µr = (mH +mW )/2 by default unless stated otherwise. We adopt mu = md = mc = ms = 0
and employ the following numerical values for the relevant input parameters: [23]
α(mZ)
−1 = 127.918, mW = 80.398 GeV, mZ = 91.1876 GeV. (14)
The CKM matrix elements are fixed as
VCKM =


Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 =


0.97418 0.22577 0
−0.22577 0.97418 0
0 0 1

 . (15)
In order to get rid of the IR singularity from the electroweak sector at the LO, we take
the transverse momentum cut on final photon as
pTγ > 20 GeV. (16)
To remove the collinear singularity between the photon and a massless parton i at the
NLO calculation, we adopt the selection criterion provided in Ref.[24]. There we accept the
HW±γ production only if
pTi ≤ pTγ
1− cosRγi
1− cos δ0 or Rγi > δ0, (17)
where δ0 is a fixed separation parameter which we set it to be 0.7. The condition of Eq.(17)
allows final state partons arbitrarily close to the photon axis as long as they are soft enough.
In this way, we can preserve the full QCD singularity, which cancels against the virtual part,
but it does not introduce divergences from the interaction between photon and massless
quark.
In Figs.5(a,b), the NLO total cross section is plotted against δs and δc to the pp →
HW±γ + X process at the LHC. The amplified curve for the total correction ∆σNLO in
Fig.5(a) is demonstrated in Fig.5(b) together with calculation errors. Using the TCPSS
method, one required δc ≪ δs. For many calculations it has been found that choosing δc to
9
be 50 - 100 times smaller than δs is sufficient for answers accurate to a few percent. Here, we
take δc = δs/50 and µ = µ0 = (mH +mW )/2. For the NLO corrections, the virtual and real
radiation corrections depend on δs and δc, separately. However, when all pieces are added
together, the dependence on δs and δc is canceled as long as sufficiently small values of δs
and δc are chosen.
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FIG. 5: (a) The dependence of the NLO QCD corrections to the pp→ HW±γ +X process on the
cutoffs δs and δc at the
√
s = 14 TeV LHC, where we take δc = δs/50 and µ = µ0 = (mH+mW )/2.
(b) The amplified curve for ∆σtot in Fig.5(a)
In Fig.6 we illustrate the renormalization and factorization scale dependence of the
LO, NLO QCD corrected total cross sections and the corresponding K-factor (K(µ) ≡
σNLO(µ)/σLO(µ)) for the process pp → HW±γ +X . We assume µ = µr = µf and define
µ0 = (mH + mW )/2. From this figure, we can see that the LO and NLO QCD corrected
total cross section are 4.18fb and 5.89fb respectively, the corresponding K-factor is 1.41
at µr = µf = µ0. When the scale µ running from 0.5µ0 to 2µ0, the related theoretical
uncertainty amounts to +1.63
−2.61% at the LO and to
+3.90
−2.88% at the NLO. It demonstrates that
the LO curve underestimates the energy scale dependence. That is because the LO partonic
processes for the pp → HW±γ + X processes are pure electroweak channels where the µr
dependence is invisible at the LO, the energy scale dependence is the consequence of the
parton distribution functions being related to the factorization scale (µf).
In Figs.7(a,b,c) we depict the LO and NLO QCD corrected differential cross sections of
the transverse momenta for the final produced H-, W±-boson and photon in the process
pp→ HW±γ+X at the 14 TeV LHC. The differential cross sections of the pT for H-boson
10
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FIG. 6: The dependence of the LO, NLO QCD corrected total cross sections and the corre-
sponding K-factor (K(µ) ≡ σNLO(µ)/σLO(µ)) for the process pp→ HW±γ +X on the factoriza-
tion/renormalization scale(µ/µ0). Here we assume µ = µr = µf and define µ0 = (mH +mW )/2.
at the LO and QCD NLO, i.e., dσLO
dpH
T
and dσNLO
dpH
T
, are depicted in Fig.7(a), the distributions of
dσLO
dpW
T
and dσNLO
dpW
T
for W -boson are plotted in Fig.7(b) and the distributions of dσLO
dpγ
T
and dσNLO
dpγ
T
for photon are plotted in Fig.7(c) separately. In Figs.7(a) and (b), there exist peaks for the
curves of dσ
dpH
T
and dσ
dpW
T
at the LO and NLO QCD corrections. The peaks are located at the
positions around pHT ∼ 70 GeV for Higgs boson and pWT ∼ 60 GeV forW boson. In Fig.7(c),
we find that the differential cross section of the photon decreases fast as the increment of the
transverse momentum of the photon. We can see from Figs.7(a-c) that all the differential
cross sections at the LO for H-, W -boson and photon (dσLO/dp
W
T , dσLO/dp
H
T , dσLO/dp
γ
T ))
are significantly enhanced by the NLO QCD corrections.
As we know, γ can be detected directly in experiment, but H andW± boson are unstable
and detected by the signals of their weak decay products. We investigate the kinematic
distributions of final products after the subsequent decays of Higgs boson and W gauge
boson (i.e., H → τ+τ− and W± → µ±νµ). We employ the SM leptonic decay branch
ratios of H and W bosons in further numerical calculations, i.e., Br(H0 → τ+τ−) = 6.5%
and Br(W− → µ−ν¯µ) = 10.57% [23]. The HW+γ production at the LHC including their
subsequent decays can be written as
pp→ HW±γ → τ+τ−µ± (−)νµ γ +X. (18)
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FIG. 7: The LO and QCD NLO distributions of the transverse momenta of final particles and the
corresponding K-factors for the pp → HW±γ + X process at the LHC. (a) for H-boson, (b) for
W -boson, (c) for photon.
Then a signal event of HW±γ production is detected at the LHC as τ -pair and one charged
lepton µ± plus missing energy (
(−)
νµ ). In Figs.8(a) and (b) we present the LO, NLO QCD
corrected distributions of the transverse momentum of τ+ and µ±, and the corresponding
K-factors at the
√
s = 14 TeV LHC, separately. From Figs.8(a,b) we can see that the QCD
corrections always enhance the LO differential cross section dσLO/dp
τ
T , and both the LO
and QCD NLO corrected distributions of final τ(µ) lepton at the future LHC have their
peaks at the position of pτ
+
T ∼ 50 GeV (pµ
±
T ∼ 25 GeV ), and the K(pT )-factor value can
be beyond 1.50. Figs.8(c) and (d) are for the rapidity distributions of τ+- and µ±-leptons,
respectively. We can see from all these four figures that the NLO QCD corrections do not
make shape change in the transverse momentum and rapidity distributions, while the NLO
QCD corrections enhance the LO differential cross sections significantly in all the plotted
kinematic regions, and the K(yT )-factors for lepton τ
+ and µ± can go beyond the values of
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1.50 and 1.70, respectively.
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FIG. 8: The LO and NLO QCD corrected distributions of the transverse momenta and ra-
pidity distributions of the final τ+- and µ±-leptons and the corresponding K-factors for the
pp → HW±γ + X → τ+τ−µ±νµγ + X processes at the
√
s = 14 TeV LHC. (a) pτ
+
T distribu-
tions for final lepton τ+, (b) pµ
±
T distributions for final lepton µ
±, (c) yτ
+
T distributions for final
lepton τ+, (d) yµ
±
distributions for final lepton µ±.
V. SUMMARY
In this paper we investigate the phenomenological effects induced by the NLO QCD cor-
rections in the Higgs boson production associated with aW -boson and a photon at the LHC.
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We present the dependence of the LO and the NLO QCD corrected cross sections on the
fctorization/renormalization energy scale, and it shows that the scale dependence of the in-
tegrated cross section is underestimated by the LO result. We present the LO and the QCD
NLO distributions of the transverse momenta and rapidities of final particles. We find that
the NLO QCD radiative corrections obviously modify the LO kinematic distributions, and
values of K-factor are obviously related to the phase space regions and the kinematic observ-
ables. It shows that we should consider the NLO QCD corrections in precision experimental
data analyse in studying this process.
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